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Properties of Differentiable Functions

(=~ MEANING OF x — a

x — aisread as ‘x tends to a’ or ‘x approaches a’, where x is a variable. It can be changed so that its value comes nearer and

nearer to a, 0 <|x—a|, where (i) x # a and (ii) |x—a| becomes smaller and smaller as we please.

= LIMIT

We say that lim f(x) =1, if for each € > 0, there exists a §>0 such that | f (x)—l| < &, whenever |x—a| < §. This means,

smaller is the difference between x and a, smaller will be the difference between f(x) and /.

(=~ INDETERMINATE FORMS

If a function f(x) takes any of the following forms when x = a, then we say that f(x) is indeterminate at x = a.

1. 0/0
5.17

2. oofoo
6. 0°

3. c0o—00

7. o0

4, 0 X oo



11.2

Mathematics for EE

(=~ ALGEBRA OF LIMITS
1. lim [f(x)+g(x)]=1lim f(x)+ lim g(x)
2. lim[f(x)—g(x)]=1im f(x)—1lim g(x)
3. lim [kf (x)]=klim f(x)
4. lim [f(x)-g(x)]=k[1im f(x)].[lim g(x)]

lim f(x)
5. lim [f(x)]= xva”
g(x) ll_r)n g(x)

when lim g(x) #0
x—a x—a

6. tim [£()T {152 f(x)]"

lim f(x)
7. lim e/ ® = g¥—a
x—a

[ lim 8(X)l°gef(x)]
8. lim [f(x)]¥™ =¢l*a
x—a

9. log [lim f(x)]= lim [log f(x)], when lim f(x)>0
x—a x—a xoa

(=~ ONE-SIDED LIMITS

This method is applied to find the limit at x = @ when the
function is defined differently for x > a, x = a and x < a.

=~ RIGHT-HAND LIMIT

We say that the right-hand limit of f(x) at x = a is 4 if
f(x) > A4 when x — a through values greater than a, and we
write

lim f(x)=A or lim f(x)=A or fla+0)=A

(=~ WORKING RULE FOR FINDING |im f(x)

x—a’
Replace x by (a + h) and take the limit as # — 0, i.e.

lim f(x)=lim f (a +h).

x—>a+

(=~ LEFT-HAND LIMIT

We say that the left-hand limit of Ax) atx =ais Bif f(x) > B
when x — a through values less than a, and we write

lim f(x)=B or lim f(x)=B or f(a~0)=B

x—a

(=~ WORKING RULE FOR FINDING [|im f(x)

X —oa”
Replace x by (a — h) and take the limit as # — 0, i.e.
lim f(x)=}lir%f(a—h).
—

x—a_

(=~ LIMIT OF A FUNCTION DERIVED FROM
ONE-SIDED LIMITS

We say that lxl_rg fx)=1if lim f(x)= lim f(x)=1. However,

if lim f(x)# lim f(x) or ixf?;ny of t;l_: limits lim f(x) or

lirr:_;(x) doe;_:ot exist, then we say that lim f (;—)m does not

exist. o

x —x*logx+logx—1

Illustration 1. Evaluate lim 1
X —

x—1

Solution: The given limit
3_1\y_ 2 _
- lim x’ -1 gx Dlog x
x" -1
i DO+ x4 D - (= DCx+Dlogx
- (x=D(x+1)

x—1

x—1

(x=D[x* +x+1—(x+1)log x]
(x=D(x+1)

= lim

x—1

* +1+1-(1+Dlogl 3
1+1 27

(=~ SOME IMPORTANT LIMITS

1. If f(x) is a polynomial, then lim f(x) = f(a)

2. If a#0 and ne Q, then lim(x —a ]=na"’l

xX—a x_a
m m
. [x"—a m .
3. lim =—ag""
soal x"—q" n

sin x .
4. lim =1=1lim—
x=0  x x=08In x
. tan .
5. lim =1=1lim
x=0 x x-0 tan x
sin™'
6. lim =1=1lim
x50 X *-0gin~ x
tan™
7. lim =1=1lim -
x—0 X x=0tan~ x
sinx®  x&
8. lim =—
0 x 180

9. limcosx=1
x—0

10. limw=

x—>a

1
x—a

11. limw=

x—a

1
x—a

12. limsin™ x=sin™" a,|a| <1

x—a
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13. limcos™ x=cos™ a|a|<1

2
xoa 12. secx_[1+x—+si+ ]

14. limtan™' x=tan™' a,—cc < g < oo 2[4
A 53 sig”! 1x 13x 135x
(=" L’'HOPITAL’S RULE sin " x=|x- 3t T s e T
f(x) . 0 oo
If f the f — or — wh =a, th
g - Orthetomm g or - whenx=a, then = LOGARITHMIC LIMITS
i £ £ oo
=0 g(x) =gl We use the series 10g(1+x)=x—7+?_...°°, where

This is known as L’Hépital’s rule. L : .
—1 <x <1 and expansion is true only if base is e.

(=~ SOME IMPORTANT EXPANSIONS THAT 1. limlogd+x _,
ARE USEFUL FOR FINDING LIMITS =0 x
2. limlog, x=1
1. For |y|<1, (1+ x)n x—e
. log(1-x)
_ — — 3. lim——————==-1
=[1+nx+ n(n=D x4+ n(n=Din-2) X 50 x
|2 I§ log ,(1+x)
n o on 4. lio— log, e;a>0,#1
2. (x —4 ] = ("M rax" P+ aix" e+
x—a
(=~ EXPONENTIAL LIMITS
2 3 n
3. lex+ X X L Based on series expansion, we use the series
2 BB L I
e =l+x+—+—+--
x xz 2 I_ I_
4. a’=[1+x(logx)+-—(oga)“ +-- ;
12 1. lim< =1
x=0 x
2 3 .4
x* X x .
5. logl+x)=[x——+———+--- oa -1
[ 2 3 4 ] 2. lim . =log,a
2 X x7 M-l
6. sinx=|x-2+X_* 3. lim =1 (A#0)
I§ |§ |l x=0 X
. : x2 x4 x6 (=~ BASED ON THE FORM 1~
.cosx=[l-—+——-—
IZ |4 |§ To evaluate the exponential form 1%, we use the following
s s results:
3. tanx:[x_x_+2i+,,,] If lim f(x) = lim g(x) =0, then
3 15 x—a x—a

11m[1+f(x)]”3(") lim S or
9 tan_lx=|:X—x—+x——n-:| &9 g(x)
> : when lim f(x) =1 and 11m g(x)=oo, then

x—a

lim g(x)

P
10. e_x=|:1—x+E—E+-~-:| )lci_r)rcll[f(x)]g(x)=[)lci_r>r‘11f(x):|"_>“
[ 23 ] I limA+x)* =e

x—=0

2. lim (1+1) =e
X—>o0 X

11. log(l—x)=—-
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3. lim(1+Ax)"* =&

x—0
4. lim (1+i) =t
X—>e0 X
.y oo, ifa>1
> Hma ‘{o, if a<1

Ilustration 2. Evaluate lim x(+/ X2 +k - x), k>0.

x—>teo

2
Solution: fim x(vx + - x)@
o W+ +)

2,5, .2
=1imx(x +k—x%)

xdee (\]x2 +k +x)
xk

= lim

o X 1+i +x
2

Here we have to consider two cases:

(i) When x — oo; |x| =—x, then we have

. xk . xk k
llm = llm = —
X—oo k X—oo k 2

x [ 1+— |+x x| JJ1+— [+1
x x
(ii)) When x — —os; |x| =—x, then we have
lim xk = lim Xk
X—>—c0 k x—y—co k
—x | 1+— |+=x —J|1+— |+1
x x
k k
= =— — —00
-1+1 O

= TOFIND lim f(x)

X o0

Replace x by 1/y and take the limit as y — 0.

Some Limits

—_—

If [x|<1, then lim x" =co
n—yeo

2. If x> 1, then lim x" =
n—oo

3. lime* =0
X—>00

4, lime™ =0

5. limlogx=-oo

X—>00

6. lim>=0 and lim - =0

n—eo p n—e p

7. lim x'" =1
n—yeo

8. ]im—smx = ]im—cosx
X0 X x>0 X

9. lim S0%_
x—=e 1/x

(=~ USEFUL TRIGONOMETRIC RESULTS

1. sin(A+ B)=sinAcosB+cosAsinB
2. sin(A— B)=sinAcos B—cosAsinB
3. cos(4+ B)=cosAd cosB-sinAd sinB
4. cos(4-B)=cosA cosB +sind sinB

5. tan@um:M
l-tanAtan B
tan A—tan B
6. tan(A_B)=&
1+ tan A tan B
7. sinC+sinD=2sinC;DcosC;D
8. sinC—sinD=2cosC+DsinC_D
2 2
9. cosC+cosD=2cosC;DcosC;D
10. cosC—cosD=—2sinC+DsinC;D

(- CONTINUITY AT A POINT

A function f{x) is said to be continuous at x = a if
lim f(a) = lim f(x)= f(a),ie. LHL = RHL = value of the
f)::r:ction at c;,_)i‘.le. lim f (x) = f (a). If f(x) is not continuous at

X = a, we say thatx]:gc) is discontinuous at x = a.

Ilustration 3. Discuss the continuity of the function [cos x]
at x = (7/2), where [ ] denotes the greatest integer function.

Solution: LHL= 1lim [cosx]=0
x> (w/2)”

RHL = 1lim [cosx]=-1

x=(zi2)yt

(53]

Clearly, LHL # RHL.
So, the function is discontinuous at x = (77/2).

(=~ CONTINUITY IN AN OPEN INTERVAL

A function f(x) is said to be continuous in an open interval
(a, b) if it is continuous at each and every point of (a, b), i.e.

y=[x] is continuous in (1, 2).
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(=~ CONTINUITY IN A CLOSED INTERVAL L=R=#V
A function f(x) is said to be continuous in a closed interval = lim f(x)=1lim f(x) # f(a)
[a, b] if x—a x—a

i.e. the left-hand limit and the right-hand limit at x = a exist
and are equal, but they are not equal to the value of the function

] at x = a. This is shown in Fig. 11.1.
limit at b, i.e. f(b)= IHB f(x). y

(iii) the value of the function at a is equal to the right-hand )
T ° ) =
limit at a, i.e. f(a)=lim f(x). /y e
x—a b
INlustration 4. Check the continuity of the function f(x) = //

[x2]-[x]* for all xe R at the end points of the interval

(i) it is continuous in (a, b).
(ii) the value of the function at b is equal to the left-hand

[-1,0], where [ ] denotes the greatest integer function.

Solution: Continuity at x =—1 o ~ x
fED=[ET-[-1P = M- (-1 =1-1=0 Fig. 11.1
- 1 27_ 2 —0—-1=—
RHL xl_lgl {[x 1=[x] } 0-1=-1 Irremovable Discontinuity
So, f(-1)#RHL A function fis said to possess irremovable discontinuity if at
Continuity atx =0 x = a, the left-hand limit is not equal to the right-hand limit,
£(0)=[(0)*1-[0F =0-0=0 ie. L#R.
LHL = lim {[x*]-[xP }=0-1=-1 = Lim f(x)# lim f(x)
x—0*
So, f(0)# LHL Discontinuity of First Kind
.Hence, the function is not continuous at the end points of 4 ¢, 00 Fis said to possess discontinuity of first kind at
the interval [-1, 0]. x = a if at x = a, both the left-hand limit and the right-hand
limit exist finitely but are unequal.
(=~ PROPERTIES OF CONTINUOUS This can be illustrated with the help of Fig. 11.2.
FUNCTIONS y
Let f(x) and g(x) be continuous functions at x = a. Then, I
(i) c¢f(x) is continuous at x = a, where ¢ is any constant. M
(i) f(x)xg(x) is continuous at x = a. o | b\ )= /(%)
(iii) f(x)-g(x) is continuous at x = a. /
(iv) f(x)/g(x) is continuous at x = a, provided g(a) # 0. 5 - x
(v) If f(x) is continuous on [a, b], such that f(a) and f(b) e —>a"
are of opposite signs, then there exists at least one Fig. 11.2

solution of the equation f(x) = 0 in the open interval Here, lim f(x)= N and lim f(x)= M. Also, f(a)=L
(a, b) i x—a” x—a* ) ’ )

Clearly, from the figure, N # M.
(=~ DISCONTINUOUS FUNCTION

If f(x) is not continuous at x = a, then f(x) is said to be
discontinuous at x = a and this point is called a point of
discontinuity.

Discontinuity of Second Kind y

A function f is said to possess
discontinuity of second kind at
x = a if at x = a, both the left-hand
limit and the right-hand limit do not
&~ TYPES OF DISCONTINUITY exist and are infinite. This can be  _]

Removable Discontinuity illustrated with the help of Fig. 11.3. Ol - 9__ +

A function fis said to possess removable discontinuity if at Fig. 11.3
x=a,
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(=~ DIFFERENTIABILITY _
Now, RF’() = A0 RFAO)

Let f(x) be a real-valued function defined on an interval (a, h=0 h
b) and x, € (a, b). Then the function f(x) is said to be . 20+h)-1-1
differentiable (or derivable) at x, if = 1}301 h =2

limf(x1 +h)— f(x) _ smallchange%ny L FA+h)= fQ)

h>0  (x,+h)—(x)  small changein x D= e R
or equivalently, lim M . _ limﬂ -0

X% x_xl 50 —h

The value of the limit is denoted by f’(x;) or by Df(x;)
and is usually called derivative of f(x).

=~ TYPES OF DERIVATIVES

Left-hand Derivatives
Regressive derivative or left-hand derivative of f(x) at x = x,
is given by

LHD = Lf'(x,) = lim L& ==/ (0)
h—0 (xl —h)—(xl)

Right-hand Derivatives

Progressive derivative or right-hand derivative of f(x) at
x=x, is given by

(xl +h)_f(x1)

’ . f
RHD = =1
Rf’(x))=1lim AR —(x)

h—0

INlustration 5. Prove that the function f(x)= |x|+|x—1| is

not differentiable at x = 1.

2x+1, x<0
Solution: f(x)=|x|+|x—1|= 1, 0<x<l1
2x-1, 1<x

LHL = lim f(x)=1lim1=1

x—=1" x—=1"
RHL = lim f(x)=1im(2x-1)=1
x>t x-1*
and fh=2x1-1=1
lim f(x)=1lim f(x)= f(1)
x> a1

f(x) is continuous at x = 1,

Rf' () # Lf'(1)
~. flx) is not differentiable at x = 1.

(=~ RELATION BETWEEN CONTINUITY AND
DIFFERENTIABILITY

If a function is differentiable at a point, then it is necessarily
continuous at that point. But the converse is not necessarily
true, i.e. every continuous function need not be differentiable.

(=~ PROPERTIES OF DIFFERENTIABLE
FUNCTIONS

1. Every polynomial function is differentiable at each
xe R.

2. The exponential function &*, a > 0, is differentiable at
eachx € R.

3. Every constant function is differentiable at each
xe R.

4. The logarithmic function is differentiable at each point
in its domain.

5. Trigonometric and inverse trigonometric functions are
differentiable in their respective domains.

6. The sum, difference, product and quotient of two
differentiable functions are differentiable.

7. The composition of a differentiable function is a
differentiable function.

8. Absolute functions are always continuous throughout
but not differentiable at their critical points.

SOLVED PROBLEMS

1. The value of 1lim 1 is

x—0t 3x
(@) —e (b) -1
() 0 (d) +oo
Ans. (d)
Solution: Expression is lim L
x>0t 3x

We know that 1im L = L = l
x—)0+ 3x 3 X 0 0

= +4o0

2. The right-hand limit of the function sec x at x = —(7/2)
is

(a) —o° (b) -1
(© 0 (d) oo
Ans. (d)

Solution: Function f(x) = sec x and point x = —(7/2).
We know that right-hand limit of the function f(x) at
x=—r/2)is

lim
==t

lim
x=[—(7/2)]

f(x)=

seC x.



